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The Vertex Separator Problem (VSP)

� A vertexvertexvertexvertex separatorseparatorseparatorseparator in an undirected graph is a subset of the vertices, 
whose removal disconnects the graph in at least two nonempty
connected components.
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The Vertex Separator Problem (VSP)

� A vertexvertexvertexvertex separatorseparatorseparatorseparator in an undirected graph is a subset of the vertices, 
whose removal disconnects the graph in at least two nonempty
connected components.

INSTANCE: a connected undirected graph , with , a

positive integer and a cost associated with each vertex .

G V E( , )= V n=
k n≤ ic i V∈

PROBLEM: find a partition of V into disjoint sets A,B and C, with A

and B nonempty, such that:

The vertex separator problem:
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The Vertex Separator Problem (VSP)

� A vertexvertexvertexvertex separatorseparatorseparatorseparator in an undirected graph is a subset of the vertices, 
whose removal disconnects the graph in at least two nonempty
connected components.

INSTANCE: a connected undirected graph , with , a

positive integer and a cost associated with each vertex .

G V E( , )= V n=
k n≤ ic i V∈

PROBLEM: find a partition of V into disjoint sets A,B and C, with A

and B nonempty, such that: (i)(i)(i)(i) there is no edge with

and ; 

i A∈
j B∈

i j E( , )∈

The vertex separator problem:
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The Vertex Separator Problem (VSP)

� A vertexvertexvertexvertex separatorseparatorseparatorseparator in an undirected graph is a subset of the vertices, 
whose removal disconnects the graph in at least two nonempty
connected components.

INSTANCE: a connected undirected graph , with , a

positive integer and a cost associated with each vertex .

G V E( , )= V n=
k n≤ ic i V∈

PROBLEM: find a partition of V into disjoint sets A,B and C, with A

and B nonempty, such that: (i)(i)(i)(i) there is no edge with

and ; ((((iiiiiiii))))

i A∈
j B∈

i j E( , )∈

The vertex separator problem:

{ }max A , B k≤
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The Vertex Separator Problem (VSP)

� A vertexvertexvertexvertex separatorseparatorseparatorseparator in an undirected graph is a subset of the vertices, 
whose removal disconnects the graph in at least two nonempty
connected components.

INSTANCE: a connected undirected graph , with , a

positive integer and a cost associated with each vertex .

G V E( , )= V n=
k n≤ ic i V∈

PROBLEM: find a partition of V into disjoint sets A,B and C, with A

and B nonempty, such that: (i)(i)(i)(i) there is no edge with

and ; ((((iiiiiiii)))) and ((((iiiiiiiiiiii)))) the cost of the separator C

is given by is minimized.

i A∈
j B∈

i j E( , )∈
{ }max A , B k≤

j
j C

c
∈
∑

The vertex separator problem:
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The Vertex Separator Problem (VSP)

� A vertexvertexvertexvertex separatorseparatorseparatorseparator in an undirected graph is a subset of the vertices, 
whose removal disconnects the graph in at least two nonempty
connected components.

INSTANCE: a connected undirected graph , with , a

positive integer and a cost associated with each vertex .

G V E( , )= V n=
k n≤ ic i V∈

PROBLEM: find a partition of V into disjoint sets A,B and C, with A

and B nonempty, such that: (i)(i)(i)(i) there is no edge with

and ; ((((iiiiiiii)))) and ((((iiiiiiiiiiii)))) the cost of the separator C

is given by is minimized.

i A∈
j B∈

i j E( , )∈

j
j C

c
∈
∑

The vertex separator problem:

� ComplexityComplexityComplexityComplexity: N P-hard.

� ApplicationsApplicationsApplicationsApplications: network connectivity and Linear Algebra ([Balas and de 
Souza, MP, 2005]).

{ }max A , B k≤
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Related works and IP Formulation

� [Balas and de Souza, MP, 2005]: integer programming formulation, 
polyhedral investigation.

� [de Souza and Balas, MP, 2005]: branch-and-cut algorithm.
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Related works and IP Formulation

� [Balas and de Souza, MP, 2005]: integer programming formulation, 
polyhedral investigation.

� [de Souza and Balas, MP, 2005]: branch-and-cut algorithm.

� FormulationFormulationFormulationFormulation: for every the binary variables if and only if

and if and only if ; and .

i V∈ iAu = 1

iBu = 1i A∈ i B∈ ( ) ( )L iLu S u : i S= ∈∑

1( )

( )2

( )3

( )4

( )5
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Valid Inequalities

� [Balas and de Souza, MP, 2005]:

� CD inequalities: (minimal) Connected Dominators

� LD inequalities: Lifting of (minimal) Dominators
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Valid Inequalities

� [Balas and de Souza, MP, 2005]: CD and LD inequalities.

� A vertex dominatordominatordominatordominator S is a subset of vertices of the graph such that all 
the remaining vertices are adjacent to at least one of them.
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Valid Inequalities

� [Balas and de Souza, MP, 2005]: CD and LD inequalities.

� A vertex dominatordominatordominatordominator S is a subset of vertices of the graph such that all 
the remaining vertices are adjacent to at least one of them.

v S∈
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Valid Inequalities

� [Balas and de Souza, MP, 2005]: CD and LD inequalities.

� A vertex dominatordominatordominatordominator S is a subset of vertices of the graph such that all 
the remaining vertices are adjacent to at least one of them.

� “Every  separator  and  everyEvery  separator  and  everyEvery  separator  and  everyEvery  separator  and  every connectedconnectedconnectedconnected dominatordominatordominatordominator have at least one have at least one have at least one have at least one 
vertex in commonvertex in commonvertex in commonvertex in common”.

� CD inequalitiesCD inequalitiesCD inequalitiesCD inequalities: if         is a minimalminimalminimalminimal connected dominatorconnected dominatorconnected dominatorconnected dominator, the CD 
inequality for S is given by                                    .

⊂S V
( ) ( ) ( )A Bu S u S u S S= + ≤ − 1

v S∈
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Branch-and-cut (B&C) for VSP

� [de Souza and Balas, MP, 2005]: branch-and-cut algorithm developed
based on CD and LD inequalities.

� Main experimental conclusions:

� CD CD CD CD inequalitiesinequalitiesinequalitiesinequalities:
� Very helpful to tighten the formulation;

� More suitable to high-density (       ) graphs;

� DrawbacksDrawbacksDrawbacksDrawbacks: 
� Separation is expensive (N P-hard);

� Frenquently CD cuts are dense ⇒ hard to LP solvers.

� LD LD LD LD inequalitiesinequalitiesinequalitiesinequalities:
� Only suitable to low-density (< ) graphs;

� DrawbackDrawbackDrawbackDrawback: separation is expensive (N P-hard);

%≥ 35

%35
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Relax-and-cut (R&C) algorithms

� Main ideaMain ideaMain ideaMain idea: to incorporate strong cutting planes in a Lagrangian 
framework.

� When to use itWhen to use itWhen to use itWhen to use it: in  hard combinatorial optimization problems for which  
exponentially-sized  families  of  strong  valid inequalities are known.

� AimAimAimAim: strengthen (Lagrangian relaxation) dual bounds.
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Relax-and-cut (R&C) algorithms

� Main ideaMain ideaMain ideaMain idea: to incorporate strong cutting planes in a Lagrangian 
framework.

� When to use itWhen to use itWhen to use itWhen to use it: in  hard combinatorial optimization problems for which  
exponentially-sized  families  of  strong  valid inequalities are known.

� AimAimAimAim: strengthen (Lagrangian relaxation) dual bounds.

� The The The The LagrangianLagrangianLagrangianLagrangian relaxation schemerelaxation schemerelaxation schemerelaxation scheme:

{ }nz = max cx Ax b, Dx d ,x +≤ ≤ ∈ BIP



V ictor F . Cavalcante and Cid C . de Souza E xact A lgorithm s for the V ertex Separator Problem  in  G raphs 18

Relax-and-cut (R&C) algorithms

� Main ideaMain ideaMain ideaMain idea: to incorporate strong cutting planes in a Lagrangian 
framework.

� When to use itWhen to use itWhen to use itWhen to use it: in  hard combinatorial optimization problems for which  
exponentially-sized  families  of  strong  valid inequalities are known.

� AimAimAimAim: strengthen (Lagrangian relaxation) dual bounds.

� The The The The LagrangianLagrangianLagrangianLagrangian relaxation schemerelaxation schemerelaxation schemerelaxation scheme:

{ }nz = max cx Ax b, ,xDx  d +≤≤ ∈ BIP

Dualized constraints
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Relax-and-cut (R&C) algorithms

� Main ideaMain ideaMain ideaMain idea: to incorporate strong cutting planes in a Lagrangian 
framework.

� When to use itWhen to use itWhen to use itWhen to use it: in  hard combinatorial optimization problems for which  
exponentially-sized  families  of  strong  valid inequalities are known.

� AimAimAimAim: strengthen (Lagrangian relaxation) dual bounds.

� The The The The LagrangianLagrangianLagrangianLagrangian relaxation schemerelaxation schemerelaxation schemerelaxation scheme:

{ }nz = max cx Ax b, ,xDx  d +≤≤ ∈ B

( ) ( ){ }nd - z = max cx Ax b, xDxλ λ ++ ≤ ∈ B( )IP λ

IP

� LagrangianLagrangianLagrangianLagrangian subproblemsubproblemsubproblemsubproblem (with parameter           ):
mλ +∈ R
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Relax-and-cut (R&C) algorithms

� Main ideaMain ideaMain ideaMain idea: to incorporate strong cutting planes in a Lagrangian 
framework.

� When to use itWhen to use itWhen to use itWhen to use it: in  hard combinatorial optimization problems for which  
exponentially-sized  families  of  strong  valid inequalities are known.

� AimAimAimAim: strengthen (Lagrangian relaxation) dual bounds.

� The The The The LagrangianLagrangianLagrangianLagrangian relaxation schemerelaxation schemerelaxation schemerelaxation scheme:

{ }nz = max cx Ax b, ,xDx  d +≤≤ ∈ B

( )IP λ

IP

xα β≤
x

x

α β
α β

≤

 ≤



2

1

2

1+
strong inequalities

(dualized cuts)

(nondualized cuts)

� LagrangianLagrangianLagrangianLagrangian subproblemsubproblemsubproblemsubproblem (with parameter           ):mλ +∈ R
( ) ( ){ }nd - z = max cx Ax b, xDxλ λ ++ ≤ ∈ B
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Relax-and-cut (R&C) algorithms

� Main ideaMain ideaMain ideaMain idea: to incorporate strong cutting planes in a Lagrangian 
framework.

� When to use itWhen to use itWhen to use itWhen to use it: in  hard combinatorial optimization problems for which  
exponentially-sized  families  of  strong  valid inequalities are known.

� AimAimAimAim: strengthen (Lagrangian relaxation) dual bounds.

� The The The The LagrangianLagrangianLagrangianLagrangian relaxation schemerelaxation schemerelaxation schemerelaxation scheme:

{ }nz = max cx Ax b, ,xDx  d +≤≤ ∈ B

( ) { }nz , = max cx k Ax b ,xλ µ +≤ ∈+ B( )IP ,λ µ

IP

� LagrangianLagrangianLagrangianLagrangian subproblemsubproblemsubproblemsubproblem (with parameters              ):m,λ µ +∈ R

( )c c

k

-

d

λ µ

λ µ

α

β

 =


= +

2

2

- D 
where

{ }0LDP( , ) = min z( , ) ,λ µ λ µ λ µ ≥
� LagrangianLagrangianLagrangianLagrangian Dual ProblemDual ProblemDual ProblemDual Problem:
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Relax-and-cut (R&C) algorithms

� R&C algorithms generally apply Subgradient Method (SM).
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Relax-and-cut (R&C) algorithms

� R&C algorithms generally apply Subgradient Method (SM).

� Once the Lagrangian subproblem is computed, an integral integral integral integral 
solutionsolutionsolutionsolution is available.

The separation problemseparation problemseparation problemseparation problem for    has to be solved and the family of 
strong inequalities identified,         , is updated:

( )z ,λ µ
*x

*x
xα β≤
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Relax-and-cut (R&C) algorithms

� R&C algorithms generally apply Subgradient Method (SM).

� Once the Lagrangian subproblem is computed, an integral integral integral integral 
solutionsolutionsolutionsolution is available.

The separation problemseparation problemseparation problemseparation problem for    has to be solved and the family of 
strong inequalities identified,         , is updated:

� If a violated inequality           is found that is not yet among the 
dualized cuts, the following updates take place:

A violated inequality is dualized as soon as it is encountered, at 
the end of the current SM iteration. This strategy is known  as 
nonnonnonnon----delayed  R&Cdelayed  R&Cdelayed  R&Cdelayed  R&C.

( )z ,λ µ
*x

*x
xα β≤

xπ π≤ 0

( ) ( ) { }

( ) ( ) { }

x x x

x x x

α β α β π π

α β α β π π

≤ ← ≤ ≤

≤ ← ≤ ≤

2 2 2 2
0

1 1 1 1
0

∪

\

⇓



V ictor F . Cavalcante and Cid C . de Souza E xact A lgorithm s for the V ertex Separator Problem  in  G raphs 25

Relax-and-cut (R&C) algorithms

� When SM is executed (LDP is solved) several times and the cuts 
found are dualized only at the end of each SM execution, the strategy 
is named buffered non-delayed R&C.

� If the separation is performed only when the LDP is solved (i.e., once 
at each SM execution) the strategy is called delayed R&C.

� [Lucena, AOR, 2005] discusses alternatives to embed cuttting planes 
in a Lagrangian framework.
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Relax-and-cut (R&C) for VSP

� Dualized Constraints:
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Relax-and-cut (R&C) for VSP

� Dualized Constraints:
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Relax-and-cut (R&C) for VSP

� Lagrangian subproblem:

Solved  in                  time  by 
sorting the variables according to  
their Lagrangian costs and after 
performing a few simple calculations.

( )O V logV
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Relax-and-cut (R&C) for VSP

� Our relax-and-cut algorithms use CD and/or LD inequalities as 
cutting planes.
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Relax-and-cut (R&C) for VSP

� Our relax-and-cut algorithms use CD and/or LD inequalities as 
cutting planes.

Let                the optimal solution of the current Lagrangian subproblem.

Separation of CD inequalities:

( )A Bu u ,u=
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Relax-and-cut (R&C) for VSP

� Our relax-and-cut algorithms use CD and/or LD inequalities as 
cutting planes.

Let                the optimal solution of the current Lagrangian subproblem.

� Define                 as the subgraph induced by the subset               of 
vertices with . 

Separation of CD inequalities:

( )A Bu u ,u=
( )uG W ,F=

iA iBu u+ ≥ 1

i W V∈ ⊆
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Relax-and-cut (R&C) for VSP

� Our relax-and-cut algorithms use CD and/or LD inequalities as 
cutting planes.

Let                the optimal solution of the current Lagrangian subproblem.

� Define                 as the subgraph induced by the subset               of 
vertices with . 

� If W is a dominator and     is connected then there exists a CD 
inequality violated by   .

Separation of CD inequalities:

( )A Bu u ,u=
( )uG W ,F=

iA iBu u+ ≥ 1

i W V∈ ⊆

uG
u
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Relax-and-cut (R&C) for VSP

� Our relax-and-cut algorithms use CD and/or LD inequalities as 
cutting planes.

Let                the optimal solution of the current Lagrangian subproblem.

� Define                 as the subgraph induced by the subset               of 
vertices with . 

� If W is a dominator and     is connected then there exists a CD 
inequality violated by   .

� The converse is not true, but holds when                          is imposed.

� Our separation routine is a heuristic.

Note: if are present, the Lagrangian subproblem
can also be computed in polynomial time via Dynamic Programming.     

Separation of CD inequalities:

( )A Bu u ,u=
( )uG W ,F=

iA iBu u+ ≥ 1

i W V∈ ⊆

iA iBu u , i V+ ≤ ∀ ∈1

uG
u

iA iBu u , i V+ ≤ ∀ ∈1
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Relax-and-cut (R&C) for VSP

Separation of CD inequalities:

� ComplexityComplexityComplexityComplexity:               .( )O V E+
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Relax-and-cut (R&C) for VSP

Separation of CD inequalities:

� ComplexityComplexityComplexityComplexity:              .

for unitary costs and a given lower bound     , if W induces a 
connected  subgraph that cover                              vertices,   
then the conditional (CD) cutconditional (CD) cutconditional (CD) cutconditional (CD) cut is  valid  for  all 
solutions whose cost exceeds     . 

This fact is used in our routine to generate cuts with smaller supports.

( )O V E+
LBz
{ }LBV max z k,≥ − − 0

( )u W W≤ − 1

LBz
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Relax-and-cut (R&C) for VSP

Primal heuristic:

� Construction phaseConstruction phaseConstruction phaseConstruction phase: a greedy procedure that assigns vertices to 
shores A and B according to the Lagrangian costs of the associated 
variables and vertex degrees relative to A and B.

� Improvement  phaseImprovement  phaseImprovement  phaseImprovement  phase: enlarges the separator C with the vertices of A 
and B that are in the adjacency of a vertex in C as long as A and 
B remain nonempty. Repeat the construction phase starting from 
this partial solution.

( )O V logV E+� ComplexityComplexityComplexityComplexity:                      , including the improvement phase.
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Usage of the R&C algorithm

� As a primal heuristic

� As a preprocessing phase for the B&C algorithm in [de Souza and 
Balas, MP, 2005]: LR/LP hybrid approach denoted R&C&B&C.
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Usage of the R&C algorithm

� As a primal heuristic

� As a preprocessing phase for the B&C algorithm in [de Souza and 
Balas, MP, 2005]: LR/LP hybrid approach denoted R&C&B&C.

R&C&B&C Framework: Flow Diagram
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Computational Results

� Computer environment: Pentium IV, 1GB of RAM, Linux, C++, XPRESS 
Optimizer 17.01.02 (LP solver).

� Data sets:
� subset of instances in www.ic.unicamp.br/cid/Problem-instances/VSP.html.

� only instances not solved by XPRESS Optimizer with default settings    1 min.

� Final tests with R&C&B&C framework:
� 47 instances in total, all of which with unitary costs.

� 38 graphs with density > 20% (mid-high density instances);

� 9 graphs with density    20% (low density instances);

≤

≤
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Computational Results

� Computer environment: Pentium IV, 1GB of RAM, Linux, C++, XPRESS 
Optimizer 17.01.02 (LP solver).

� Data sets:
� subset of instances in www.ic.unicamp.br/cid/Problem-instances/VSP.html.

� only instances not solved by XPRESS Optimizer with default settings    1 min.

� Final tests with R&C&B&C framework:
� 47 instances in total, all of which with unitary costs.

� 38 graphs with density > 20% (mid-high density instances);

� 9 graphs with density    20% (low density instances);

� Assessment of the results (aspects considered):
� the  quality of the primal bounds;

� the effectiveness of using our approach as a preprocessing tool that provides B&C 
with a tighter formulation. Comparison of our best R&C&B&C algorithms:

� with the best know algorithms to VSP;

� with XPRESS solver;

� among themselves.

≤

≤
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Computational Results

� Computer environment: Pentium IV, 1GB of RAM, Linux, C++, XPRESS 
Optimizer 17.01.02 (LP solver).

� Data sets:
� subset of instances in www.ic.unicamp.br/cid/Problem-instances/VSP.html.

� only instances not solved by XPRESS Optimizer with default settings    1 min.

� final tests with R&C&B&C framework:
� 47 instances in total, all of which with unitary costs.

� 38 graphs with density > 20% (mid-high density instances);

� 9 graphs with density    20% (low density instances);

� Assessment of the results (aspects considered):
� the  quality of the primal bounds;

� the effectiveness of using our approach as a preprocessing tool that provides B&C 
with a tighter formulation. Comparison of our best R&C&B&C algorithms:

� with the best know algorithms to VSP;

� with XPRESS solver;

� among themselves.

� Time limit: 30 min.

≤

≤
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Computational Results: mid-high density graphs
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Computational Results: mid-high density graphs

      R&C&B&C: percentage of time savings over B&C
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.

� Total time savings when compared to [de Souza and Balas, MP, 2005] 
to solve the group of instances solved by all the B&C based algorithms.
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Computational Results: mid-high density graphs

R&C&B&C: percentage of node savings over B&C

57,4 61,0 61,2

48,1 50,2
56,7

68,1 68,3

57,5 59,3
64,665,2

0

10

20

30

40

50

60

70

80

NDR&C (CD) BR&C (CD) NDR&C (CD,L-LD) BR&C (CD, L-LD) NDR&C (CD,LD) BR&C (CD, LD)

Relax-and-cut algorithm in preprocessing 

N
o

d
e 

S
av

in
g

s 
(%

)

Savings over B&C(CD) Savings over B&C(CD,LD)

� Savings relative to the total number of nodes generated by the B&B 
search trees constructed by each algorithm. 
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Computational Results: mid-high density graphs

Average Time Performance over B&C(CD)
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� Average percentage of B&C(CD) time needed by each R&C&B&C 
version to solve a VSP instance.
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Computational Results: low density graphs

� Percentage of B&B time and number of nodes needed by R&C&B&C 
B&C versions to solve all theVSP low density instances.

R&C&B&C and B&C approaches against B&B
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Computational Results: primal bounds
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� In about 70% of the cases an optimal solution was produced during the 
LR phase (LP-H).
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Computational Results: primal bounds

Primal Bound Improvements
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Unsolved MIPLIB Instances
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� To MIPLIB hard to solve instances [Borndorfer et al., SIAM Journal 
on Opt., 1998].
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Conclusions and future work

� Preprocessing with R&C accelerates the B&C of [de Souza and Balas, 
MP, 2005]: our framework improves the best know approach.

� In practice, the embedding of CD cuts in SM often decreases the dual 
bounds to values that are smaller than the trivial bound arising from 
linear relaxation.

Note: this is expected from the theory however convergence

problems may occur!

� The Lagrangian heuristic produces very good primal bounds
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Conclusions and future work

� Preprocessing with R&C accelerates the B&C of [de Souza and Balas, 
MP, 2005]: our framework improves the best know approach.

� In practice, the embedding of CD cuts in SM often decreases the dual 
bounds to values that are smaller than the trivial bound arising from 
linear relaxation.

Note: this is expected from the theory however convergence

problems may occur!

� The Lagrangian heuristic produces very good primal bounds.

� Other cuts? Better tuning? Improve primal heuristic?
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