
Using latin squares Using latin squares 
to color split graphs to color split graphs 

Sheila Morais de Almeida Sheila Morais de Almeida (State University of Campinas)(State University of Campinas)

CCéélia Picinin de Mello lia Picinin de Mello (State University of Campinas)(State University of Campinas)

Aurora Morgana Aurora Morgana (University of Rome (University of Rome ““La SapienzaLa Sapienza””))

May  - 2008



OutlineOutline

EdgeEdge--ColoringColoring

The Classification ProblemThe Classification Problem

Split GraphsSplit Graphs

OverfullOverfull GraphsGraphs

The EdgeThe Edge--Coloring Coloring ConjectureConjecture for Split Graphsfor Split Graphs

Latin SquaresLatin Squares

The EdgeThe Edge--Coloring of Split Graphs Using Latin Coloring of Split Graphs Using Latin 
SquaresSquares



EdgeEdge--ColoringColoring

A kk--edgeedge--coloringcoloring
of a graph G is an 
assignment of k colors 
to the edges of G 
such that any two 
edges incident in a 
common vertex have 
distinct colors.



The EdgeThe Edge--Coloring ProblemColoring Problem

The minimum k 
required to perform 
a k-edge-coloring of 
a simple graph G is 
called chromatic chromatic 
indexindex of G and is 
denoted by χ’(G).

χ’(Bull)=3



The EdgeThe Edge--Coloring ProblemColoring Problem

χχ’’(G) (G) ≥≥ ∆∆(G),(G),

where ∆(G) is the 
maximum degree of 
a graph G.

χ’(Bull)=3



The EdgeThe Edge--Coloring ProblemColoring Problem

There are graphs 
that have

χ’(G) > ∆(G).

In 1964, Vizing
showed that every 
simple graph G has
χ’(G) ≤ ∆(G)+1. ∆(C3)=2 χ’(C3) = 3



The EdgeThe Edge--Coloring ProblemColoring Problem

A direct result of the Vizing’s Theorem is that 
any simple graph G has

∆(G) ≤ χ’(G) ≤ ∆(G)+1.

Vizing restricted the Edge-Coloring Problem 
to the following problem:

Given a simple graph G, is the chromatic 
index of G  equal to ∆(G) or ∆(G)+1?



The Classification ProblemThe Classification Problem

Given a simple graph G, is the chromatic 
index of G  equal to ∆(G) or ∆(G)+1?

This problem is known as the Classification Classification 
ProblemProblem.



The Classification ProblemThe Classification Problem

If χ’(G) = ∆(G), then G is Class 1.

Otherwise, χ’(G) = ∆(G) + 1 and G is Class 2.

Classe 1 Classe 2



The Classification ProblemThe Classification Problem

In 1981, Holyer showed that the problem 
of deciding if a simple graph G is Class 1 is 
NP-Complete.



The Classification ProblemThe Classification Problem

Even so, there are efficient algorithms to solve this 
problem when we are restricted to some classes of 
graphs. 

bipartite graphs are Class 1.

a complete graph is Class 1 iff it has an even number 
of vertices.

a cycle (without chords) is Class 1 iff it has an even 
number of vertices.

split graphs with odd maximum degree are Class 1.



Split GraphsSplit Graphs

A graph G is a 
split graphsplit graph if 
the set of 
vertices of G 
admits a 
partition [Q, S], 
where Q is a 
clique and S is 
a stable set.

Q

S



OverfullOverfull GraphsGraphs

Consider a graph G, 
with n vertices and 
m edges.

The graph G is 
overfulloverfull if n is 
odd and 
m > ∆(G) n/2.

m = 9 > ∆(G) n/2 =
= 4 5/2 = 8



SubgraphSubgraph--OverfullOverfull GraphsGraphs

If G has a subgraph
which is overfull and has 
maximum degree equal 
to ∆(G), then G is
subgraphsubgraph--overfulloverfull.



SubgraphSubgraph--OverfullOverfull GraphsGraphs

If G has a subgraph
which is overfull and has 
maximum degree equal 
to ∆(G), then G is
subgraphsubgraph--overfulloverfull. 

m = 9 > ∆(G) n/2 =
= 4 5/2 = 8



NeighborhoodNeighborhood--OverfullOverfull
GraphsGraphs

If G has an overfull 
subgraph induced by a 
vertex with degree ∆(G) 
and its neighbors, then 
G is neighborhoodneighborhood--
overfulloverfull. 

m = 9 > ∆(G) n/2 =
= 4 5/2 = 8



SubgraphSubgraph--OverfullOverfull GraphsGraphs

OverfullOverfull graphs graphs andand neighborhoodneighborhood--overfulloverfull
graphs are subgraphgraphs are subgraph--overfull graphs.overfull graphs.

EveryEvery subgraphsubgraph--overfulloverfull graph is graph is ClassClass 2.2.

Overfull

Class 2

Subgraph-overfull
Neighborhood-
overfull



EdgeEdge--Coloring Coloring ConjectureConjecture for Split for Split 
GraphsGraphs

Figueiredo, Figueiredo, MeidanisMeidanis andand Mello show Mello show thatthat
everyevery subgraphsubgraph--overfulloverfull split graph is split graph is 
neighborhoodneighborhood--overfulloverfull..

TheyThey presentpresent the the followingfollowing conjectureconjecture::

A split graph G is A split graph G is ClassClass 2 if, 2 if, andand onlyonly if, G if, G 
is is neighborhoodneighborhood--overfulloverfull.  .  



Graphs Graphs withwith Universal Universal VerticesVertices

PlantholdPlanthold presentspresents the the followingfollowing theoremtheorem::

EveryEvery simple graph G simple graph G containingcontaining a a 
universal universal vertexvertex is is ClassClass 2 2 iffiff G is G is 
subgraphsubgraph--overfulloverfull..

K5 minus one edge is overfull K5 is subgraph-overfull



Split GraphsSplit Graphs

In 1995, Chen, Fu, and Ko showed that split graphs

with odd ∆(G) are Class 1.

∆(G)=7



Split GraphsSplit Graphs

Every split 
graph G with 
partition [Q, S] 
has a bipartite 
subgraph
induced by the 
edges with a 
vertex in Q and 
another vertex 
in S.

Q

S



Split GraphsSplit Graphs

Considering the bipartite 
subgraph of G, we denote:

d(Q) = max{d(v), v ∈ Q} 

and 

d(S) = max{d(v), v ∈ S}.

Q

S

d(Q) = 2     d(S) = 3



Split GraphsSplit Graphs

Consider the partition 
[Q, S] of a split graph, 
where Q is a maximal 
clique.

Chen, Fu and Ko also 
showed that every split 
graph with d(Q)  ≥ d(S) 
is Class 1.

Q

S

d(Q) = 3     d(S) = 1



EdgeEdge--Coloring of Split GraphsColoring of Split Graphs
Split Graphs that are neighborhood-overfull are Class 2.
Split Graphs with odd maximum degree are Class 1.
Split Graphs with even maximum degree that are not 
neighborhood-overfull and contain a universal vertex are 
Class 1.
Split-Graphs with partition [Q, S], where Q is a maximal 
clique and such that d(Q) ≥ d(S) are Class 1.

How about split graphs with even maximum 
degree and d(S) > d(Q), that are not 
neighborhood-overfull and do not contain 
universal vertices? Are these graphs Class 1?



Latin Latin SquareSquare

A A latin latin squaresquare of of orderorder k k is is 
a a kkxxkk--matrixmatrix
filledfilled withwith entriesentries fromfrom
{0, 1, ..., k{0, 1, ..., k--1}  1}  
eacheach elementelement appearsappears
exactlyexactly onceonce in in eacheach rowrow
eacheach elementelement appearsappears
exactlyexactly onceonce in in eacheach columncolumn. . 
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32104

21043

10432

04321



CommutativeCommutative Latin Latin SquareSquare

A latin A latin squaresquare M=[mM=[mi,ji,j] is ] is commutativecommutative if if 

mmi,ji,j = = mmjj,i,i for 0 for 0 ≤≤ i,j i,j ≤≤ kk--1.1.
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CommutativeCommutative Latin Latin SquareSquare

A latin A latin squaresquare M=[mM=[mi,ji,j] is ] is commutativecommutative if if 

mmi,ji,j = = mmjj,i,i for 0 for 0 ≤≤ i,j i,j ≤≤ kk--1.1.

4433221100
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1100443322
2211004433
3322110044
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04321
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32104

43210
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10432
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CommutativeCommutative Latin Latin SquareSquare

A latin A latin squaresquare M=[mM=[mi,ji,j] is ] is commutativecommutative if if 

mmi,ji,j = = mmjj,i,i for 0 for 0 ≤≤ i,j i,j ≤≤ kk--1.1.
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CommutativeCommutative Latin Latin SquareSquare

A latin A latin squaresquare M=[mM=[mi,ji,j] is ] is commutativecommutative if if 

mmi,ji,j = = mmjj,i,i for 0 for 0 ≤≤ i,j i,j ≤≤ kk--1.1.



Idempotente Latin Idempotente Latin SquareSquare

A latin A latin squaresquare M=[mM=[mi,ji,j] is ] is idempotente idempotente if if 

mmi,ii,i = i  for 0 = i  for 0 ≤≤ i i ≤≤ kk--1.1.
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Idempotente Latin Idempotente Latin SquareSquare

A latin A latin squaresquare M=[mM=[mi,ji,j] is ] is idempotente idempotente if if 

mmi,ii,i = i  for 0 = i  for 0 ≤≤ i i ≤≤ kk--1.1.
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Idempotente Latin Idempotente Latin SquareSquare

A latin A latin squaresquare M=[mM=[mi,ji,j] is ] is idempotente idempotente if if 

mmi,ii,i = i  for 0 = i  for 0 ≤≤ i i ≤≤ kk--1.1.
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Using Latin Squares to Color Using Latin Squares to Color 
Split GraphsSplit Graphs

ChenChen, , FuFu andand KoKo
use use idempotente idempotente 
commutativecommutative
latin squareslatin squares to to 
prove prove thatthat split split 
graphs graphs withwith oddodd
maximummaximum degreedegree
are are ClassClass 1.1.
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Using Latin Squares to Color Using Latin Squares to Color 
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Using Latin Squares to Color Using Latin Squares to Color 
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Using Latin Squares to Color Using Latin Squares to Color 
Split GraphsSplit Graphs

LetLet ddii bebe the the numbernumber of of elementselements
in in anan arrayarray CCii..

LetLet ccii,j, ,j, bebe the the jjthth entrieentrie of the of the 
arrayarray CCii..

A set of A set of arraysarrays {C{C00, ..., , ..., CCkk} is a } is a 
monotonicmonotonic color color diagramdiagram if if 
ccii,j, ,j, occursoccurs at at mostmost ddii--j  times in j  times in 
the the arraysarrays {C{C00, C, C11, ..., , ..., CCii--11} .} .
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Using Latin Squares to Color Using Latin Squares to Color 
Split Graphs Split Graphs 

It is It is alwaysalways possiblepossible to color a to color a bipartitebipartite graph graph 
[Q,S] [Q,S] withwith a a monotonicmonotonic color color diagramdiagram {C{C00, C, C11, ... , ... 
CC|Q|Q||} if } if CCii hashas sizesize at at leastleast d(vd(vii).).
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Using Latin Squares to Color Using Latin Squares to Color 
Split GraphsSplit Graphs

It is It is notnot possiblepossible to to 
constructconstruct anan
idempotente idempotente 
commutativecommutative latin latin 
squaresquare of of eveneven orderorder..
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Using Latin Squares to Color Using Latin Squares to Color 
Split GraphsSplit Graphs

LetLet G G bebe a split graph a split graph withwith eveneven maximummaximum
degreedegree..

∆(G)=10



Using Latin Squares to Color Using Latin Squares to Color 
Split GraphsSplit Graphs

ConstructConstruct a a commutativecommutative latin latin squaresquare of of orderorder
∆∆(G)(G)--11, where  m, where  mi,ji,j = = i+ji+j ((modmod ∆∆(G)(G)--11))
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Using Latin Squares to Color Using Latin Squares to Color 
Split GraphsSplit Graphs

LetLet’’s use this s use this 
commutativecommutative latin latin 
squaresquare to to constructconstruct::
a a matrixmatrix A  (A  (thatthat wewe
use to color G[Q])use to color G[Q])
andand
a a monotonicmonotonic color color 
diagramdiagram D (D (thatthat wewe
use to color a use to color a 
bipartitebipartite graph graph 
B=[Q,S]).B=[Q,S]).
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Using Latin Squares to Color Using Latin Squares to Color 
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|Q|=7
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d(S)=5
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Color of the 
element
m(|Q|+1)/2,(|Q|+1)/2
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Necessary condition: there is a vertex in S with
degree at  least |Q|/2
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Necessary condition: (d(Q))2 ≥ 2|Q|+1

Number of times that the color (∆(G)-1) can appears in the 
monotonic color diagram is at most d(Q)-1, so:

|Q|-(∆-|Q|+2(∆-|Q|-2)+(∆-|Q|-4)+ ... +(∆-|Q|-(∆-|Q|-2)) =

|Q|-(d(Q)-1+2(d(Q)-3+ ... +d(Q)-(d(Q)-2))) =

|Q| - (d(Q) -1 + ( (d(Q)-1) (d(Q)-3) )/2 = |Q| - ((d(Q)-1)2)/2 

|Q| - ((d(Q)-1)2)/2 ≤ d(Q)-1   2|Q| - (d(Q)-1)2 ≤ 2d(Q)-2

2|Q| ≤ 2d(Q)-2 + (d(Q)-1)2 |Q| ≤ (d(Q))2-1 (d(Q))2 ≥ 2|Q|+1



The Classification Problem for Split The Classification Problem for Split 
Graphs Graphs withwith eveneven maximummaximum degreedegree

LetLet G G bebe a split graph a split graph withwith eveneven maximummaximum
degreedegree. If G . If G hashas a a vertexvertex in S in S withwith degreedegree
at at leastleast ||Q|/2Q|/2 andand d(Q)d(Q)22 ≥≥ 2|2|Q|+1Q|+1, , thenthen G G 
is is ClassClass 1.1.



Thank you


